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Decomposition
Decomposition Method

Hyunsoo Lee, Ph. D

May 14, 2018

Hyunsoo Lee, Ph. D Mathematical Programming



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

0. Preliminary Knowledge
1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

Outline

1 0. Preliminary Knowledge

2 1. Introduction

3 2.Decomposition Algorithm

4 3. Numerical Example

5 4.More Expanded Case
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0. Preliminary Knowledge
1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

Preliminary Knowledge (I)

zj = cBB−1aj (1)

w = cBB−1 (2)

yj = B−1aj (3)

b̄ = B−1b (4)

and, Duality & KKT conditions

Hyunsoo Lee, Ph. D Mathematical Programming
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0. Preliminary Knowledge
1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

Preliminary Knowledge(II)

From Revised Simplex Method,[
w CBb̂

B−1 b̂

]
(5)

Optimial Test [
w CBb̂

B−1 b̂

] [
zj − cj

yj

]
(6)

Determination of Pivotting

Hyunsoo Lee, Ph. D Mathematical Programming
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0. Preliminary Knowledge
1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

Example

Min − x1 − 2x2 + x3 − x4 − 4x5 + 2x6 (7)

s.t. x1 + x2 + x3 + x4 + x5 + x6 ≤ 6 (8)

2x1 − x2 + 2x3 + x4 ≤ 4 (9)

x3 + x4 + 2x5 + x6 ≥ 0 (10)

let B = a7, a8, a9

Hyunsoo Lee, Ph. D Mathematical Programming
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0. Preliminary Knowledge
1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

Example, con’td

w = cBB−1 =
[
0 0 0

]
(11)

CBb̂ = 0 (12)
B−1 = I (13)

b̂ =

64
4

 (14)

zj − cj =
[
1 2 −1 1 4 −2

]
(15)

so, x5 is selected

y5 =

10
2

 (16)

Hyunsoo Lee, Ph. D Mathematical Programming
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0. Preliminary Knowledge
1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

example,cont’d


0 0 0 0
1 0 0 6
0 1 0 4
0 0 1 4

 ,


4
1
0
2

 (17)


0 0 −2 −8
1 0 −1/2 4
0 1 0 4
0 0 1/2 2

 (18)

then, cont’d

Hyunsoo Lee, Ph. D Mathematical Programming
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1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

1.1. Concept

Concept

Column Generation
one part ⇒ General (Complicating) Structure + Special
(Efficient) Structure
Master prblem + Sub problem
Master problem → Sub problem : Cost Coefficients
Sub problem → Master : Columns

Hyunsoo Lee, Ph. D Mathematical Programming
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0. Preliminary Knowledge
1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

1.1. Concept

Decomposition Algorithm

Initial M.P.

Min cx (19)

s.t. Ax = b (20)

x ∈ X (21)

using Convex combination of X

x =

t∑
j=1

λjxj ,

t∑
j=1

λj = 1 , λj ≥ 0 (22)

Hyunsoo Lee, Ph. D Mathematical Programming
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0. Preliminary Knowledge
1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

1.1. Concept

Decomposition,cont’d : Master Problem

Variable : λj

Min
t∑

j=1

(cxj)λj (23)

s.t.
t∑

j=1

(Axj)λj = b (24)

t∑
j=1

λj = 1 (25)

λj ≥ 0 (26)
t is large → Large Scale Programming

Hyunsoo Lee, Ph. D Mathematical Programming
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1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

1.1. Concept

Decomposition, Sub problem

Introducing Dual variable w and α

zk − ck = max zj − ĉj = max (w, α)
[
Axj
1

]
− cxj (27)

max wAxj + α− cxj (28)

max (wA − c)xj + α = max (wA − c)x + α (29)

Hyunsoo Lee, Ph. D Mathematical Programming
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0. Preliminary Knowledge
1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

1.1. Concept

Sub Problem

Max(wA − c)x + α (30)

s.t. x ∈ X (31)

Hyunsoo Lee, Ph. D Mathematical Programming
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1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

Preliminary Terms

ĉ = cxj (32)

(w, α) = ĉBB−1 (33)

b̄ = B−1

[
b
1

]
(34)

Hyunsoo Lee, Ph. D Mathematical Programming
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1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

Main algorithm - Decomposition (I)

Step 1 : An initial feasible solution
Step 2 : Find w, α, b̄
Step 3 : Solve Sub problem

Max (wA − c)x + α (35)

s.t. x ∈ X (36)

Step 4 : Optimal test from Step 3 Formulas

Optimality Test
if xk’s zk − ĉk = 0 → Optimal!

Hyunsoo Lee, Ph. D Mathematical Programming
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1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

Decomposition (II)

Step 5 (Not optimial from Step 4) :

Hyunsoo Lee, Ph. D Mathematical Programming
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1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

From Bazaraa, Jarvis, Sherali

Min − 2x1 − x2 − x3 + x4 (37)

x1 + x3 ≤ 2 (38)

x1 + x2 + 2x4 ≤ 3 (39)

x1 ≤ 2 (40)

x1 + 2x2 ≤ 5 (41)

−x3 + x4 ≤ 2 (42)

2x3 + x4 ≤ 6 (43)

xi ≥ 0 (44)

Hyunsoo Lee, Ph. D Mathematical Programming
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1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

4-1. Unbounded case
4-2. Block Diagonal Structure

Broader region

x =

t∑
j=1

λjxj +
l∑

j=1

ujdj (45)

t∑
j=1

λj = 1, λj ≥ 0, µ ≥ 0 (46)

Hyunsoo Lee, Ph. D Mathematical Programming
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1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

4-1. Unbounded case
4-2. Block Diagonal Structure

Broader region, Cont’d

Then, the problem is modeled to

Min
t∑

j=1

(cxj)λj +
l∑

j=1

µjdj (47)

s.t.
t∑

j=1

(AXj)λj +
l∑

j=1

(Adj)µj = b (48)

t∑
j=1

λj = 1, λj ≥ 0, µ ≥ 0 (49)

Hyunsoo Lee, Ph. D Mathematical Programming
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0. Preliminary Knowledge
1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

4-1. Unbounded case
4-2. Block Diagonal Structure

Optimality test

λj is non-basic

0 ≥ zj − ĉj =
[
w α

] [Axj
1

]
− cxj = wAxj + α− cxj (50)

µj is non-basic

0 ≥ zj − ĉj =
[
w α

] [Adj
0

]
− cxj = wAxj − cdj (51)

Hyunsoo Lee, Ph. D Mathematical Programming
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1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

4-1. Unbounded case
4-2. Block Diagonal Structure

Master & Subproblem

Master Problem [
(w, α) ĉb̄
B−1 b̄

]
(52)

Sub Problem
Max (wA − c)x + α (53)

s.t. x ∈ X (54)

Hyunsoo Lee, Ph. D Mathematical Programming
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0. Preliminary Knowledge
1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

4-1. Unbounded case
4-2. Block Diagonal Structure

Broader example

min − x1 − 2x2 − x3 (55)

s.t. x1 + x2 + x3 ≤ 12 (56)

−x1 + x2 ≤ 2 (57)

−x1 + 2x2 ≤ 8 (58)

x3 ≤ 3 (59)

Hyunsoo Lee, Ph. D Mathematical Programming
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0. Preliminary Knowledge
1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

4-1. Unbounded case
4-2. Block Diagonal Structure

Block Diagonal Structure

Min c1x1 + c2x2 + ...+ cTxT (60)

s.t. A1x1 + A2x2 + ...+ ATxT = b (61)

B1x1 ≤ b1 (62)

B2x2 ≤ b2 (63)

...
BTxT ≤ bn (64)

xi ≥ 0 (65)

Hyunsoo Lee, Ph. D Mathematical Programming
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1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

4-1. Unbounded case
4-2. Block Diagonal Structure

Angular Structure

Block Diagonal Structure or Angular Structure

xi =
ti∑

j=1

λijxij +
li∑

j=1

µijdij (66)

ti∑
j=1

λij = 1 (67)

λij ≥ 0, µij ≥ 0 (68)

Hyunsoo Lee, Ph. D Mathematical Programming
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0. Preliminary Knowledge
1. Introduction

2.Decomposition Algorithm
3. Numerical Example

4.More Expanded Case

4-1. Unbounded case
4-2. Block Diagonal Structure

Conversion using Angular Structure

Min
T∑

i=1

ti∑
j=1

(cixij)λij +
T∑

i=1

li∑
j=1

(cidij)µij (69)

s.t.
T∑

i=1

ti∑
j=1

(Aixij)λij +
T∑

i=1

li∑
j=1

(Aidij)µij = b (70)

ti∑
j=1

λij = 1 (71)

λij ≥ 0, µij ≥ 0 (72)
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